The classical two-dimensional motion of a parabolically confined charged particle in presence of a perpendicular magnetic is studied. The resulting equations of motion are solved exactly by using a mathematical method which is based on the introduction of complex variables. The two-dimensional motion of a parabolically charged particle in a perpendicular magnetic field is strikingly different from either the two-dimensional cyclotron motion, or the oscillator motion. It is found that the trajectory of a parabolically confined charged particle in a perpendicular magnetic field is closed only for particular values of cyclotron and parabolic confining frequencies that satisfy a given commensurability condition. In these cases, the closed paths of the particle resemble Lissajous figures, though significant differences with them do exist. When such commensurability condition is not satisfied, path of particle is open and motion is no longer periodic. In this case, after a sufficiently long time has elapsed, the open paths of the particle fill a whole annulus, a region lying between two concentric circles of different radii.
Introduction
The classical two-dimensional (2D) motion of a free charged particle of mass, and positive charge, > 0 in a uniform constant magnetic field in the z-direction, B = (0 0 B) is well known [1] . If the initial coordinates in the 2D plane are: 0 = ( 0 0 0) and the initial velocity is: 0 = ( 0 0 0), the charged particle will perform perfectly circular 2D cyclotron motion. To obtain the equations of motion for position and velocity as a function of * E-mail: ogciftja@pvamu.edu time, one starts from the Newtonian equations of motion that read: ˙ = +ω ˙ = −ω (1) where ω = B/ > 0 is the so-called cyclotron frequency and˙ denote first derivatives of velocity components with respect to time. To solve the above system of differential equations, one considers taking another time derivative of the first equation to obtain:¨ + ω 2 = 0, which is a standard textbook example. The current work is concerned with the resulting classical 2D motion of a parabolically confined charged particle in presence of a perpendicular magnetic field. The quantum counterpart of this problem is widely encountered in many 2D semiconductor devices called quantum dots which are at the forefront of novel electronic technologies [2] [3] [4] [5] . The solution of the quantum problem is well known and consists of the Fock-Darwin (FD) states [6, 7] which are commonly expressed in terms of associated Laguerre polynomials [8, 9] . For the classical problem of the 2D motion of a parabolically confined charged particle in a perpendicular magnetic field, the Newtonian equations of motion are written as:
where ω 0 > 0 is the parabolic confinement frequency. The simple method used to solve the 2D cyclotron motion problem in Eq. (1) (when ω 0 = 0) will not work for the system of coupled differential equations in Eq. (2) . To solve the problem, in principle, one can always apply conventional differentiation methods which in this case result in solving systems of linear differential equations. While this is certainly a worthy approach, we show in this work that the exact solution can be obtained quite easily by using a much shorter method that involves complex variables.
Solution method
In this work, we solve exactly the system of coupled differential equations of motion in Eq. (2) by using a method based on the introduction of complex variables. To this effect we start the procedure by multiplying both sides of the second expression in Eq. (2) by the imaginary number, = √ −1. We then add the result to the first expression in the same equation. After some manipulations we obtain:
After defining a complex position variable of the form, = + , we can immediately see that complex velocity is: = + =˙ and complex accelaration is:˙ =˙ + ˙ =¨ . In complex notation the differential equation 
and complex velocity:
where Ω 2 = ω 2 + 4 ω 2 0 . The two complex constants, 1 and 2 are determined from the initial conditions, ( = 0) = 0 and ( = 0) = 0 . One immediately obtains:
One can write the complex constants, ( = 1 2) as = + to obtain:
and
By separating the real and imaginary parts of Eq. (5), and taking into account that θ = cos(θ) + sin(θ), one can finally obtain the positions of the particle, ( ) and ( ) as a function of time:
The velocities, ( ) and ( ) are then obtained by differentiating with respect to time the positions found, respectively, in Eq. (10) 
This system of first order differential equations can be written in matrix notation as:
In a short-hand notation, this system of homogeneous linear differential equations with constant coefficients is written as:Ẋ = A X (14) where X is the column vector ( 1 2 3 4 ) and A is the following 4 × 4 matrix:
We seek the solutions of Eq. (14) in the form: (16) where λ and the constant column vector C are to be determined. Substituting X from Eq. (16) in Eq. (14) results in the eigenvalue equation:
The eigenvalues λ ( = 1 4) of the matrix A are the roots of the polynomial equation:
where I is the 4 × 4 identity matrix. After some algebraic manipulations, one obtains the four eigenvalues which are written as:
(Ω + ω ) (and their complex conjugates). Evidently, one can then calculate the four eigenvectors corresponding to each of the above four eigenvalues of the coefficient matrix. From there, one can obtain the corresponding solutions of the differential equations which coincide with the ones shown in this work. Obviously, our solution method which adopts a different approach has the advantage of solving the problem in a much simpler and shorter way.
The
It is important to show that various special limits of motion are correctly included in Eq. (10) and Eq. (11). One special case is the ω 0 → 0 limit which corresponds to ideal 2D cyclotron motion of a free charged particle in a perpendicular magnetic field without any form of confinement. In this limit, Ω = ω and the constants become:
It is straightforward to note that in this limit, Eq. (10) and Eq. (11) reduce to the well known results:
The above systems of equations represent 2D circular cyclotron motion of a free charged particle in a perpendicular magnetic field with center localized at coordinates:
If perpendicular magnetic field is set to zero, ω → 0, one can immediately see that Eq. (10) and Eq. (11) give the 2D isotropic harmonic oscillator equations of motion:
Detailed descriptions of 2D harmonic oscillations can be found in Ref. [10, 11] .
5. General case: ω = 0, ω 0 = 0 and 0 = 0 Typical 2D trajectories of a parabolically confined charged particle in a perpendicular magnetic field with motion starting at an initial moment of time, = 0 up to final moments of time, = 100 and 200 are shown in Fig. 1 . In both cases, motion starts from initial position: 0 = 2, 0 = 0 and the initial velocity of particle is chosen to be: 0 = 1 and 0 = 1. The parabolic confinement and cyclotron frequencies are, respectively, ω 0 = 1 and ω = 1. The simplest way to get direct information on the resulting motion of the particle is to calculate the (square) distance of the particle from the origin of the coordinative system, ( ) 2 = ( ) 2 + ( ) 2 . In complex notation, ( ) 2 is expressed as:
where ( ) * = ( ) − ( ) denotes the complex conjugate of ( ) and R is the real part of the complex argument. After some algebraic manipulations, one obtains:
where α and β represent two new real constants: magnetic field returns to the starting distance from origin, 0 at regular instants of time, > 0 (the trivial = 0 value is excluded) given by:
At these instants of time we have: cos(Ω ) = 1 ( Ω = 1) and, as a result, ( ) 2 = 2 0 . This finding, naturally, does not prove that path of motion of a parabolically confined charged particle in a perpendicular magnetic field is closed and periodic. To better understand the nature of motion, one rewrites Eq. (25) in a more compact form as:
where tan(φ) = β/α and φ is a phase factor. This is useful to derive the following result:
which implies existence of a "forbidden" inner circular region around the origin never accessible to the particle. While existence of outer turning points comes as no surprise if one considers energy conservation laws, existence of inner turning points of such nature is quite interesting and requires further investigation. A variation of initial conditions (for instance change of initial velocity) and a different choice of frequencies, ω 0 and ω causes dramatic changes on the motion of the parabolically confined charged particle in a perpendicular magnetic field. Such motion shows very interesting features and a great variety of possible outcomes. A thorough discussion of some of these features is done in the next section where we focus our attention on the special case of particle's motion starting from rest. Let's consider in much more detail the special case of motion for a parabolically confined charged particle in a perpendicular magnetic field where particle is initially at rest ( 0 = 0). It is well known that, in absence of a perpendicular magnetic field (ω = 0) the resulting 2D motion of a parabolically confined particle (ω 0 = 0) initially at rest is a straight line representing harmonic oscillation around the origin, (0 0) with amplitude, 0 = 2 0 + 2 0 . When the parabolically confined charged particle (ω 0 = 0) is subjected to a perpendicular magnetic field (ω = 0) the resulting motion is not as simple. To start with, one immediately sees that:
This result indicates that the remarkable combined effect of 2D parabolic confinement and perpendicular magnetic field is to create a "forbidden" region around the origin not accessible to the motion of the charged particle. The particle cannot pass through the origin and cannot even travel in this "forbidden" inner circular region around the origin. This outcome contrasts starkly with the motion of a parabolically confined charged particle in zero magnetic field when particle is initially at rest. Note that the starting distance from the origin, 0 is the furthest distance from the origin that the particle can go. When 0 = 0, one has: α = Ω 2 −ω 2 4 Ω 2 2 0 > 0 and β = 0 which gives:
As expected one has: ( ) 2 = 2 0 for = ∆ where ∆ = 2π/Ω and = 1 2
If by θ one denotes the angle between ( ) and 0 (where | ( )| = | 0 | = 0 ) one can prove the following result:
which implies that the angle between any two neighboring radial vector positions, ( +1 ) and ( ) is ∆θ = Ω−ω Ω π < π.
An interesting question to be addressed regards the nature of the 2D trajectory of the particle and whether such trajectory is closed or open. Trajectory (or path) of motion will be closed if motion of particle repeats itself at regular intervals of time so that the particle always returns at the starting position, 0 = ( 0 0 0). This means that the condition, ( ) 2 = 2 0 which is satisfied at certain instants of time = 0 is not sufficient. What must be proved is that among all -s (that satisfy the condition ( ) 2 = 2 0 ) there exists a set of them that satisfy the relations: ( ) = 0 and ( ) = 0 . The problem is better expressed in complex coordinates by imposing the following condition:
where ω ± = (Ω ± ω )/2. If angular frequencies, ω + and ω − are commensurable, that is, if for some set of positive integers, 1 = 1 2 and 2 = 1 2 we have:
then the 2D path of a parabolically confined charged particle in a perpendicular magnetic field is closed in space and motion is periodic. If 1 , 2 are chosen so that they have no common integral factor, then the period of motion for such a closed path is: 2 > 1 since ω + > ω − . Thus, the 2D trajectory of a parabolically confined charged particle in a perpendicular magnetic field is a closed path only when the angular frequencies, ω and Ω are such that ω /Ω is a rational fraction that satifies the commensurability condition given in Eq. (37). Such is the case of Fig. 2 where we show a 2D closed "triangle" trajectory for a parabolically confined charged particle in a perpendicular magnetic field. The particle is initially at rest at position 0 = 2 and 0 = 0. The cyclotron and parabolic confinement angular frequencies are, respectively, ω = 1 and ω 0 = √ 2. This choice of angular frequencies gives ω /Ω = 1/3 which corresponds to integer numbers: 2 = 2 and 1 = 1 appearing in Eq. (37). The resulting 2D closed path of the particle in the present case shares some similarities with the Lissajous curves (first investigated by Bowditch in 1815) which occur in 2D anisotropic oscillations where the angular frequencies for the motions in the -and -directions are not equal 1 [12] [13] [14] [15] [16] [17] . Despite resemblances between these two families of closed curves (the curves studied in this work and the Lissajous curves), there are many notable differences between them. For example, differently from the family of closed Lissajous curves, the closed curves resulting from the motion of a parabolically confined charged particle in a perpendicular magnetic field never go through the origin and never come closer than a given inner circle of well defined radius to the origin. A large variety of closed curves can be obtained by properly tuning the values of ω and ω 0 . For instance, choosing ω = 2 and ω 0 = √ 3 gives ω /Ω = 2/4, a choice that results in a closed "square" trajectory ( 2 = 3 and 1 = 1) and so on.
In Fig. 3 we show, respectively, a closed "pentagon-star" trajectory (top) and a closed "pentagon" trajectory (bottom) which result from the motion of a parabolically confined charged particle in a perpendicular magnetic field with particle initially at rest If the ratio of angular frequencies, ω /Ω is uncommensurable, namely ω /Ω is not a rational fraction of the form ( 2 − 1 )/( 2 + 1 ) given in Eq. (37), then the path of the parabolically confined charged particle in a perpendicular magnetic field is no more closed, but becomes open. This means that after a sufficiently long time has elapsed, the paths of the particle will pass arbitrarily close to any given point lying within a given 2D region. In Fig. 4 we show resulting open path trajectories of a parabolically confined charged particle in a perpendicular magnetic field for a total time up to = 1000 (top) and = 10 000 (bottom). The initial coordinates of the particle are 0 = 2, 0 = 0 and motion starts from rest. Subsequent positions of the particle are ploted every interval of time, ∆ = 0 1. The top graph represents 10,000 positions of the particle for a total time, = 1000 while the bottom graph represents 100,000 positions of the particle for a longer total time, = 10 000. We choose ω 0 = 1 and ω = 0 3 so that the commensurability condition in Eq. (37) is not satisfied.
Note that the filled 2D region in this case is an annulus, namely a region lying between two concentric circles of different radii. As such it has circular symmetry (not rectangular shape) with a "forbidden" region for the motion of the particle right in the middle. We recall that for the case of a pure 2D anisotropic oscillator, when the frequencies of oscillations in -and -direction are uncommensurable, open curves emerge with paths of particle filling a whole rectangle around the origin. . Open 2D trajectory of a parabolically confined charged particle in a perpendicular magnetic field. Initial position of particle is: 0 = 2 and 0 = 0. Initial velocity of particle is: 0 = 0. Parabolic confinement and cyclotron frequencies are, respectively, ω 0 = 1 and ω = 0 3. Plots represent 10,000 positions of particle for a total time, = 1000 (top) and 100,000 positions of particle for a total time, = 10 000 (bottom). Time step is the same for both cases.
charged particle in a perpendicular magnetic field fill an annulus, a region (with circular symmetry) lying between a concentric inner circle and an outer circle.
Conclusions
We investigated the 2D motion of a parabolically confined charged particle in a perpendicular magnetic field. The equations of motion were solved analytically by using a mathematical method based on complex variables. The technique of using complex analysis can be applied to several problems of this nature. A good description of such method can be found, for example in the textbook by Taylor [18] where the problem of a free charge in a perpendicular uniform magnetic field is considered. It is interesting to note that the Newtonian equations of motion for a 2D parabolically confined charged particle in a perpendicular magnetic field, namely Eqs. ( 2) , are mathematically equivalent to the equations of motion for the "Foucault pendulum" problem:
where ω = ω sin(λ) is the -th component of earth's angular velocity in a rotating system of coordinates with origin at a location with latitude λ and ω is earth's angular velocity. Note that the -axis is oriented along the local vertical. For small oscillation angles, ω 0 = /L is the pendulum's natural angular frequency where is the acceleration due to gravity and L is the length of the pendulum. Even though the "Foucault pendulum" problem is discussed in many textbooks (see for instance [10] , pg. 404 and references therein), one notes that these textbooks do not mention the possibility for the pendulum to move in open/closed paths or perform Lissajous-like motion. Absence of these outcomes when studying the "Foucault pendulum" problem originates from the simplifying (though realistic) assumption: ω ω 0 in which the solutions from standard textbooks always rely upon. It is because of this simplification that almost all subtleties visible on the general solution of a 2D parabolically confined charged particle in a perpendicular magnetic field are missed when "Foucault pendulum" problem is treated. By addressing the mathematical problem generally and without simplifications (as done in this study for a parabolically confined charged particle in a perpendicular magnetic field) we can display the full richness of the diverse types of motion that arise when external parameters are varied. At this point, it is important to note an interesting result due to Lewis [19] who considered the general solution of the equations of motion for a particle of mass M and charge moving classically in an axially symmetric electromagnetic field consisting of a time-dependent uniform magnetic field, B( ) and an associated induced electric field with scalar potential, Φ( ) ∝ η( ) ( 2 + 2 ). The equations of motion represented by Eq. (10) of his work [19] transform in Eq. (4) of current work if one performs the following substitutions: B( ) = B (constant magnetic field), η( ) = 2 ω 2 0 , = M / and = 1. Since the focus of this earlier work [19] is not the 2D motion of a parabolically confined charged particle in a perpendicular magnetic field, our study is more focused and broader in scope. To this effect, we explicitely solve the problem of a parabolically confined charged particle in a perpendicular magnetic field and then explore various outcomes under different conditions. The 2D motion of a parabolically confined charged particle in a perpendicular magnetic field shows many interesting features that are not commonly encountered in other systems. One of such features is the existence of an inner "forbidden" circular region around the origin that is not accessible to the motion of the charged particle. Such a "forbidden" region arises from the combined effect of 2D parabolic confinement and perpendicular magnetic field. For the mathematically equivalent problem of the "Foucault pendulum" this means that, strictly speaking, the "Foucault pendulum" can come quite close (ω ω 0 ) but can never cross through the point (0 0) beneath it. We found that, under general conditions, the 2D trajectory of motion of a parabolically confined charged particle in a perpendicular magnetic field depends very sensitively on the values of perpendicular magnetic field (cyclotron frequency) and parabolic confinement frequency. For special values of cyclotron and parabolic confinement frequencies that satisfy a given commensurability condition, the motion of particle is periodic, its path is closed and trajectory follows intricate Lissajous-like (though different and quite distinct) patterns. If cyclotron and parabolic confinement frequencies do not satisfy the above mentioned commensurability condition, then the path of particle becomes open and motion is no more periodic. In this case, after a sufficiently long time has elapsed, the open paths of the particle fill a whole annulus, a region lying between two concentric circles of different radii.
